Introduction
A ring R is defined to be K n -regular, if the map K n (R) → K n (R[t 1 , . . . ,t r ]) induced by the canonical inclusion is an isomorphism for all r 0 [1, Definition 2.2]. It was proved by Quillen [12, Corollary of Theorem 8] that a (left) regular noetherian ring is K n -regular for all integers n. A conjecture of Vorst [13, Conjecture] predicts that, conversely, if R is a commutative ring of dimension d essentially of finite type over a field k, then K d+1 -regularity implies regularity. Recently, Cortiñas, Haesemeyer, and Weibel showed that the conjecture holds, if the field k has characteristic zero [2, Theorem 0.1]. In this paper, we prove the following slightly weaker result, if k is an infinite perfect field of characteristic p > 0 and strong resolution of singularities holds over k in the sense of Section 1 below.
Theorem A. Let k be an infinite perfect field of characteristic p > 0 such that strong resolution of singularities holds over k. Let R be a localization of a d-dimensional commutative k-algebra of finite type and suppose that R is K d+1 -regular. Then R is a regular ring.
We also prove a number of results for more general fields of characteristic p > 0. For instance, we show in Theorem 3.2 that, if strong resolution of singularities holds over all infinite perfect fields of characteristic p, then for every field k that contains an infinite perfect subfield of characteristic p and every k-algebra R essentially of finite type, K q -regularity for all q implies regularity.
We give a brief outline of the proof of Theorem A. Let m ⊂ R be a maximal ideal, and let d m = dim(R m ) and e m = dim R/m (m/m 2 ) be the dimension and embedding dimension, respectively. One always has d m e m and the ring R is said to be regular if d m = e m for every maximal ideal m ⊂ R. Now, we show in Theorem 1.2 below that if R is K d+1 -regular, then the group K d m +1 (R m )/pK d m +1 (R m ) is zero for every maximal ideal m ⊂ R. We further show in Theorem 2.1 below that for every maximal ideal m ⊂ R, the group K q (R m )/pK q (R m ) is non-zero for all 0 q e m . Together the two theorems show that d m e m as desired. Theorem A follows.
K-theory
In this section, we prove Theorem 1.2 below. We say that strong resolution of singularities holds over the (necessarily perfect) field k if for every integral scheme X separated and of finite type over k, there exists a sequence of blow-ups 
is an isomorphism. Therefore, using the natural spectral sequence
we conclude that for all integers q, the canonical map
is an isomorphism. Hence, we may assume that X itself is a d-dimensional scheme separated and of finite type over k. In fact, we may even assume that X is integral. Indeed, it follows from [15, Theorem 2.3 ] that for all integers q, the canonical map
is an isomorphism, so we may assume that X is reduced. Moreover, if X 1 ⊂ X is an irreducible component and X 2 ⊂ X the closure of X X 1 , then X 12 = X 1 ∩ X 2 has smaller dimension than X and by [15, Corollary 4.10] there is a long exact sequence
Therefore, a downward induction on the number of irreducible components shows that we can assume X to be integral. So we let X be integral and proceed by induction on d 0. In the case d = 0, X is a finite disjoint union of prime spectra of fields k α with [k α : k] < ∞. It follows that the canonical maps
are isomorphisms, and since the fields k α again are perfect of characteristic p > 0, the right-hand group is zero, for q > 0 as desired [9] . So we let d 1 and assume that the statement has been proved for smaller d. By the assumption that resolution of singularities holds over k, there exists a proper bi-rational morphism X ′ → X from a scheme X ′ smooth over k. We may further assume that X ′ is of dimension d. We choose a closed subscheme Y of X that has dimension at most d − 1 and contains the singular set of X and consider the cartesian square
Since the field k is assumed to be an infinite perfect field such that strong resolution of singularities holds over k, the proof of [6, Theorem 3.5] shows that the cartesian square above induces a long exact sequence
Now, the schemes Y and Y ′ are of dimension at most d − 1 and are separated and of finite type over k. Therefore, the groups KH q (Y, Z/pZ) and KH q (Y ′ , Z/pZ) vanish, for q > d − 1, by the inductive hypothesis. Finally, since the scheme X ′ is smooth over k, the canonical map defines an isomorphism
and by [4, Theorem 8.4 ] the common group vanishes for q > d. We conclude from the long exact sequence that KH q (X, Z/pZ) vanishes, for q > d, as desired.
Theorem 1.2. Let k be an infinite perfect field of positive characteristic p such that strong resolution of singularities holds over k. Let R be a localization of a ddimensional k-algebra of finite type and assume that R is
Proof. Since we assume R is K d+1 -regular, a theorem of Vorst [ 
, Z/pZ) → 0 then shows that the groups N s K q (R, Z/pZ) vanish for s > 0 and q d + 1. Therefore, we conclude from the spectral sequence
is an isomorphism for q d + 1. Now, for q = d + 1, Proposition 1.1 shows that the common group is zero, and hence, the coefficient sequence
shows that the group K d+1 (R)/pK d+1 (R) is zero as stated.
Hochschild homology
In this section, we prove the following general result. 
of the Dennis trace map and the canonical map from absolute Hochschild homology to Hochschild homology relative to the ground ring κ is non-trivial.
To prove Theorem 2.1, we first evaluate the groups HH * (A/κ) that are target of the map of the statement. By definition, these are the homology groups of the chain complex associated with the cyclic κ-module HH(A/κ)[−] defined by
with cyclic structure maps
defined by
The cyclic κ-module HH(A/κ)[−] admits a direct sum decomposition as follows.
Recall that a word of length m with letters in a set S is defined to be a function
The cyclic group C m of order m acts on the set {1, 2, . . . , m} by cyclic permutation of the elements. We define a cyclical word of length m with letters in S to be an orbit First, in the case (1), D 0 is the free κ-module generated by 1 and D q is zero, for q > 0. This proves statement (1) .
Next, in the case (2), let C ℓ be the cyclic group of order ℓ, and let τ be a generator. We define D ′ * to be the chain complex with 
is an isomorphism of chain complexes, since (m − 1)ℓ is even. Now, the homology groups H m−1 (D ′ * ) and H m (D ′ * ) are free κ-modules of rank 1 generated by the class of 1 and the norm element N = 1 + τ + · · · + τ ℓ−1 , respectively. This proves the statement (2).
Finally, in the case (3), let C ℓ be the cyclic group of order ℓ, and let τ be a generator. We define D ′′ * to be the chain complex with 
is an isomorphism of chain complexes, since m is even. Hence, to prove statement (3), it suffices to show that the following sequence of κ-modules is exact.
To this end, we consider the following commutative diagram with exact rows.
The augmentation ideal I[C ℓ ] is equal to the sub-k[C ℓ ]-module generated by 1 − τ.
Since ℓ is odd, τ 2 is a generator of C ℓ , and hence, 1−τ 2 = (1+τ
This shows that the left-hand vertical map 1 + τ is an isomorphism. Finally, the following diagram commutes.
Indeed, ε • N is equal to multiplication by ℓ which is congruent to 1 modulo 2. This shows that the sequence in question is exact. Statement (3) follows.
Remark 2.3. For κ a field of characteristic zero, the Hochschild homology of the κ-algebra A in Lemma 2.2 was first evaluated by Lindenstrauss [10, Theorem 3.1] who also determined the product structure of the graded κ-algebra HH * (A/κ).
Proof of Theorem 2.1. We let ω be the word (x 1 , . . . , x q ) and consider the following compotision of the map of the statement and the projection onto the summand [ω].
The Dennis trace map is a map of graded rings and takes the symbol {1 + x i } to the Hochschild homology class d log(1 + Hence, {1 + x 1 , . . . , 1 + x q } is mapped to d log(1 + x 1 ) . . . d log(1 + x q ). The product on Hochschild homology is given by the shuffle product * , and moreover,
since summands that include a factor x i ⊗ x i are annihilated by pr [ω] . Now,
where the sum ranges over all permutations of {1, 2, . . . , q}, and hence,
where the sum range over all cyclic permutations of {1, 2, . . . , q}. By Lemma 2.2 (2), this class is the generator of HH q (A/κ; [ω]). The theorem follows. 
We choose a set of generators x 1 , . . . , x r of the maximal ideal of the local ring R m . Then r d m with equality if and only if R m is regular. By [11, Theorem 28 .3], we may choose a k-algebra section of the canonical projection R m /m 2 R m → R/m = κ. These choices give rise to a k-algebra isomorphism
Hence, Theorem 2.1 shows that for all 1 q r, the symbol
has non-trivial image in K q (A)/pK q (A), and therefore, is non-zero. Since the group Proof. We can write R as a localization of R ′ ⊗ k ′ k where k ′ is a finitely generated field that contains an infinite perfect subfield and where R ′ is a commutative k ′ -algebra of finite type. Then we can write R as the filtered colimit
where k α runs through the finitely generated extensions of k ′ contained in k. It follows from Theorem 3.1 that the rings R ′ ⊗ k ′ k α are all regular. Therefore the ring R is regular by [5, Prop. IV.5.13.7].
